ABSTRACT: This paper analyzes Local Projection Stabilization (LPS) methods for the solution of Stokes problem using equal order finite elements. Their convergence, stability and accuracy properties are investigated. The resulting stabilized method is shown to lead to optimal rates of convergence for both velocity and pressure approximations. Two classes of LPS methods are distinguished: one-level and two-level methods. Numerical examples using bilinear interpolations are presented to validate the analysis and assess the accuracy of both approaches.
Introduction
umerical approximations of incompressible flows require a compatibility condition between the discrete velocity and pressure spaces (Girault and Raviart, 1986; Brezzi and Fortin (1991) ). This condition prevents, in particular, the use of equal order interpolation spaces for the two variables, which is the most attractive choice from a computational point of view. The two-level local projection technique has been introduced by Becker and Braack (2001) and Nafa (2008) In this paper we analyze the LPS and distinguish two classes of LPS methods: The one-level enriched method and the two-level method. The stability and error estimate results presented here are more general than those given in Becker and Braack (2001) . In fact, the proofs extend the stability and error estimate results of Becker and Braack (2001) and Nafa (2008) to the one-level enriched approximation case. Numerical results are presented to justify the order of convergence and assess the performance accuracy of both LPS methods using bilinear finite element interpolation. We consider the usual Stokes problem with homogeneous Dirichlet boundary conditions. Find
Discrete Stokes problem
L  is the set of square integrable functions with null average. The weak formulation of the above problem reads L -inner product on the region  . The compact form of the weak formulation of (1) is given by
where
Local projection stabilization
Let h T be a shape regular partition of the region  into quadrilateral elements K, and assume h V and h Q are finite dimensional subspaces of V and Q respectively, consisting of continuous functions. We denote by k h the local mesh size, the mesh size is then defined by max .
, . Then, we define the equal order approximation finite element spaces of velocity and pressure respectively by:
where, for each integer   0, r r Q K  denotes standard quadrilateral finite elements by means of a reference element (as illustrated in Figure 1 ) as polynomials of degree less or equal to r with respect to each variable. Further, we define the space of discontinuous functions 
Thus, the LPS discrete problem reads:
and
The stabilized formulation given in (8) is written component-wise as
In order to prove the stability and convergence of the solution of the stabilized method given in (8) we introduce the following assumptions. 
Assumption A2. There exists an interpolation operator
 with the error estimates 
0, ,
and   , 0, , . 
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The proof is found in (Nafa and Wathen, 2009 ).
Error estimates
First, we introduce the following consistency error (Ganesan et al., 2008) . , ; 
for some positive constant C independent of h. 
Proof. Let
We have
Thus, by equivalence of norms on finite dimensional spaces in 2  , it yields
In addition, we have
i.e.
Using the result of the consistency estimate with 2 , MM Ch
where,
.
will be estimated using the approximation properties of the interpolations h j and ,
. 
Problem 2
To test the accuracy of the method, we consider the standard 
Conclusion
The convergence, stability and accuracy of LPS for the Stokes problem has been investigated using the one-level and two-level bilinear finite element interpolation. The numerical results show that the order of convergence for both approaches is as predicted theoretically for the velocity. But, the L 2 rate of convergence for the pressure is approximately 3/2 as noted by other researchers (Becker and Braack, 2001; Nafa and Wathen, 2009) . Also, we observe that the computation of the Poisseuille solution produces the exact velocity independently of the parameter 0  for both methods. However, it is shown that the pressure is exact even near the boundaries for the two-level method and depends on the parameter 0  for the one-level enriched method. In fact, to obtain results similar to those obtained by the two-level method, we have to take large values for 0  .  
